We point out that a quantum system with a strongly positive quantum measure or decoherence functional gives rise to a vector valued measure whose domain is the algebra of events or physical questions. This gives an immediate handle on the question of the extension of the decoherence functional to the sigma algebra generated by this algebra of events. It is on the latter that the physical transition amplitudes directly give the decoherence functional. Since the full sigma algebra contains physically interesting questions, like the return question, extending the decoherence functional to these more general questions is important. We show that the decoherence functional, and hence the quantum measure, extends if and only if the associated vector measure does. We give two examples of quantum systems whose decoherence functionals do not extend: one is a unitary system with finitely many states, and the other is a quantum sequential growth model for causal sets. These examples fail to extend in the formal mathematical sense and we speculate on whether the conditions for extension are unphysically strong.
Introduction
The need for a measurement independent interpretation of quantum theory is perhaps most keenly felt when constructing a theory of quantum cosmology. In describing the physics of the very early universe we are confronted with the dilemma of how to interpret the quantum formalism in the absence of external measurements. The standard interpretation places an emphasis on the state vector, and gives primary status to external measurements but it is questions of spacetime form that are of interest in quantum cosmology e.g. how likely is it for a homogeneous and isotropic universe to arise from an initial big-bang type singularity?
Quantum Measure Theory [1, 2, 3, 4, 5, 6 ] is a formulation of quantum theory based on the path integral. Since measuring devices play no fundamental role in this approach, it is ideally suited to examining theories of quantum cosmology. Quantum Measure Theory gives conceptual primacy to the sample space of histories or spacetime configurations, Ω, which is summed over in the path integral and takes its cue from the measure theoretic formulation of classical stochastic dynamics. A physical quantum system is described by a quantum measure space, (Ω, A, µ), where A is an event algebra or set of propositions about the system and dynamical information is contained in the quantum measure µ : A → R + which is given by the path integral. µ obeys the quantum sum rule [1] µ(α ∪ β ∪ γ) = µ(α ∪ β) + µ(α ∪ γ) + µ(β ∪ γ) − µ(α) − µ(β) − µ(γ)
all for pairwise disjoint sets α, γ, β ∈ A. µ is not in general a probability measure (even with the normalisation µ(Ω) = 1) since it does not satisfy the Kolmogorov sum rule in the presence of quantum interference: ∃ α, β ∈ A with α ∩ β = ∅ and µ(α ∪ β) = µ(α) + µ(β). Thus, Quantum Measure Theory is a genuine generalisation of classical stochastic dynamics.
In classical stochastic theories, the probability measure on the event algebra is often defined indirectly in terms of transition probabilities from one momentary state to another. The classical random walk is a standard example. The transition probabilities define, directly, the probability of events which are limited in time, for example: "Is the walker at site x at time t?" Given an initial position at say t = 0, one calculates the probabilities of each of the walks with t steps that end at x using the transition probabilities and adds them together. The probability of certain physically interesting events, however, cannot be directly calculated in this way. These questions involve arbitrarily long times and are epitomised by the return question: "Does the walker ever return to the origin?" In order to find the probability of such events, one must be able to extend the probability measure on the finite-time events to infinite-time events. For non-negative measures this is guaranteed by the Carathéodory-Kolmogorov extension theorem, which gives a unique extension of the measure on the algebra of finite-time events to the sigma algebra it generates. The sigma algebra is closed under countable unions and intersections and one can show that the "return event" is an element of this algebra [7, 8] .
Similarly, in most quantum systems the quantum measure derives from transition amplitudes from one momentary state to another. To make predictions about infinite-time events, like the quantum analogue of the return question, requires an extension of the quantum measure to an algebra that includes such events. There is however no known analog of the Carathéodory-Kolmogorov extension theorem for quantum measures. In this paper we take first steps in investigating this issue. The technical development that helps this analysis is the histories Hilbert space construction from quantum measures which derive from a decoherence functional [9] . We show that the quantum measure is equivalent to a derived vector measure, i.e. a measure valued in this histories Hilbert space. Unlike the quantum measure, vector measures are additive and have been studied extensively in the literature [10] . In this paper, we address the question of extension of the quantum measure by studying the derived vector measure for a class of systems in which the histories Hilbert space is finite dimensional.
In Section 2 we define the quantum vector "pre-measure" on the algebra of finite-time events after reviewing the histories Hilbert space construction of [9] . In Section 3 we examine finite dimensional unitary systems which evolve in discrete time steps, and show that for a generic evolution, the quantum vector pre-measure does not extend to a quantum vector measure. In Section 4 we define the complex percolation sequential growth dynamics for causal sets and show that the quantum vector pre-measure does not extend except when the amplitudes are real and non-negative. In Section 5 we discuss the implications of our results. For the complex percolation type models, the question of an extension is tied closely to the construction of covariant observables. Using an example we show that the lack of an extension is related to other pathologies.
The Quantum Vector Measure
In this section we show that a quantum measure space in which the quantum measure derives from a strongly positive decoherence functional is equivalent to a vector measure which takes its values in a Hilbert space.
In order to formulate quantum dynamics as a measure space, the sample space Ω is taken to be the set of histories summed over in the path integral. For a single particle in R 3 whose evolution starts at some initial time this is the space of all trajectories that are infinite to the future, while for a scalar field in R 3 × R it is the set of all spacetime field configurations. An event algebra A over the sample space Ω is a collection of subsets of Ω that forms an algebra or field of sets over Ω. Thus, (i) α ∈ A ⇒ α c ∈ A, where α c is the complement of α in Ω and (ii) α ∩ β ∈ A and α ∪ β ∈ A for any α, β ∈ A. A sigma algebra S satisfies, in addition to (i) and (ii), closure under countable unions. The sigma algebra S A generated by an algebra A is defined to be the (unique) smallest sigma algebra containing A. In what follows, in order to distinguish between a measure on an algebra and that on a sigma algebra, we will refer to the former as a pre-measure and the latter as a measure (thus, a pre-measure is a measure if the algebra on which it is defined is a sigma algebra).
A decoherence functional is a complex function D : A × A → C which represents the quantum interference between two events. D is [4] 1. Hermitian: For all α, β ∈ A, we have D(α, β) = D * (β, α).
2. Finitely bi-additive: For any α ∈ A and m mutually disjoint
4. Strongly positive: For any finite collection of {α i } in A, the matrix M ij ≡ D(α i , α j ) is positive semi-definite, i.e., it has non-negative eigenvalues.
The quantum pre-measure µ : A → R + derives from the decoherence functional via µ(α) ≡ D(α, α) and we see that the biadditivity of D means that µ satisfies the quantum sum rule (1) but µ(α∪β) = µ(α)+µ(β) if Re(D(α, β)) = 0, for disjoint α and β. In what follows we will refer interchangeably to both D and µ as the quantum pre-measure 1 . The construction in [9] of a Hilbert space from the event algebra A and the decoherence functional D implies that the quantum measure is equivalent to a Hilbert space valued measure which is additive, unlike the quantum measure 2 . This gives us a useful "vector measure" avatar of the quantum measure. We now briefly review vector measures and pre-measures.
A vector pre-measure [10] η v is a function from an algebra A over Ω to a Banach space B which is finitely additive, i.e., for every disjoint pair α, β ∈ A
If S is a sigma algebra, a vector measure η v : S → B is moreover required to be countably additive
in the norm topology of B, for all sequences α n of pairwise disjoint members of S. The sum ∞ n=1 η v (α n ) must therefore converge unconditionally in the norm. The Banach space of interest to us is the histories Hilbert space H of [9] and we briefly review this construction below. Let V be the space of complex valued functions on A which are non-zero only on a finite number of elements of A. V is the free vector space over A and the decoherence functional provides an inner product
V is itself not a Hilbert space since it contains zero-norm vectors and may not be complete. The histories Hilbert space H is constructed by taking the set of Cauchy sequences {u i } in V and quotienting by the equivalence relation
where the norm is given by the inner product. We have
1 While µ has no standard measure theoretic analogue, since it is not additive, the decoherence functional belongs to the class of "biadditive complex-valued pre-measures", also called "bi-measures" or "poly-measures" [11] . 2 We thank Rafael Sorkin for this observation.
We define the quantum vector pre-measure µ v : A → H to be
where [·] denotes the equivalence class under (5) and we use the shorthand χ α to denote the constant Cauchy sequence {χ α } for the indicator function
Thus,
with the inner product taken in H. The bi-additivity of D means that for any disjoint pair, α, β ∈ A we have
in the norm derived from the inner product (4). This ensures that µ v (α ∪ β) = µ v (α) + µ v (β) and therefore that µ v is finitely additive:
for n mutually disjoint sets α i ∈ A. Hence µ v is a vector pre-measure. We pause here to note that the term "quantum vector (pre-)measure" does not imply that µ v fails to satisfy the Kolmogorov sum rule -µ v is a vector pre-measure and is finitely additive. We use the phrase "quantum vector (pre-)measure" to emphasise the physical origins of µ v and that it is valued in the histories Hilbert space H constructed from the quantum measure.
As discussed in the introduction, an important question in measure theory is whether a pre-measure defined on an algebra A extends to a measure on the sigma algebra S A generated by A. Specifically a vector measure η v : S A → B is said to be an extension of a vector pre-measure η v : A → B, if its restriction to A ⊂ S is η v | A = η v . A vector pre-measure η v on A is then said to extend to S A if there exists a unique vector measure η v :
The extension µ v of a quantum vector pre-measure µ v , if it exists, can be used to define a decoherence functional D :
The restriction D| A = D, the decoherence functional on A, and hence D can be viewed as an extension of D on A × A to a functional on
Moreover, the countable additivity of µ v and the countable biadditivity of the inner product implies countable biadditivity of D. For a non-negative scalar pre-measure µ : A → R + , the Carathéodory extension theorem [7, 8] guarantees the existence of a unique extension. For complex vector measures the Carathéodory-Hahn-Kluvanek extension theorem [10] gives necessary and sufficient conditions for a vector pre-measure on A to extend to a vector measure on S A . In the case of finite dimensional vector measures, the extension question is equivalent to the simpler question of the extension of the complex scalar component measures. Since our present interest is in examining finite dimensional systems, we will not discuss the Carathéodory-Hahn-Kluvanek theorem here, though it may be relevant to the larger program. For our purposes it suffices to focus on the property of bounded variation. The total variation |µ v | of a vector pre-measure µ v is defined to be
where the supremum is over all finite partitions
. |µ v | is itself a non-negative finitely additive premeasure on A and is countably additive iff µ v is (Prop. 9, Chapter 1.1, [10] ).
We note that in any basis the components µ
. . , n of a vector pre-measure µ v : S → C n are themselves complex-valued pre-measures on S.
Claim 1 Let µ v : A → C n be a vector pre-measure and µ v (i) : A → C, i = 1, . . . n be the components of µ v in an orthonormal basis. Then µ v is of bounded variation iff µ v (i) is of bounded variation.
for each i. Therefore if µ v is of bounded variation then so is µ v (i) . From the triangle inequality
Thus, for any finite partition
for every finite partition of α. Hence µ v is also bounded.
2
For a complex measure countable additivity implies that its total variation is bounded [12] . The components µ v (i) i = 1, . . . , n of a countably additive vector measure µ v : S → C n are also countably additive, and hence are of bounded variation. Thus, by the above Claim, the countable additivity of µ v implies that it is of bounded variation.
Bounded variation of a complex measure implies its restriction µ| A to any subalgebra A ⊂ S is also of bounded variation. Thus, a necessary condition for a complex pre-measure on A to extend to a measure on S A is that it is of bounded variation. Along with the above results this means that Claim 2 Bounded variation is a necessary condition for a finite dimensional vector pre-measure µ v : A → C N to extend to a vector measure µ v : S A → C N .
Finite Unitary Systems
In this section we consider the class of finite N dimensional systems which evolve unitarily in discrete unit time steps, t = 1, 2, 3 . . . . In the standard Hilbert space formulation, the Hilbert space at time t = m is H m = C N . The evolution of a state ψ ∈ H 1 at an initial time t = 1 to a state ψ m ∈ H m at time t = m is governed by the N × N single-step unitary matrices U (k + 1, k):
Let {e 1 , e 2 , . . . e N } be an orthonormal basis for H 1 .
To describe this system as a quantum measure space we first identify a history as an infinite string γ (∞) = (s 1 , s 2 , . . . , s i , . . .), where each entry s i ∈ {1, . . . , N }. The configuration space has N sites, each associated with one of the basis vectors e s . Ω is the infinite collection of all such strings and the event algebra A is generated as follows. We associate with every length m finite string
which is the set of histories for which the first m entries are specified by the string γ but are unspecified thereafter.
If A represents the algebra generated from finite unions and intersections of these cylinder sets, then (20) and (21) imply that any α ∈ A can be expressed as a finite disjoint union of cylinder sets. In particular, for every α ∈ A there exists an m and a k ≤ N m such that α = ∪ The decoherence functional for such a unitary system is given by
where γ, γ ′ are length m finite strings (or "truncated histories") and A(γ i ) is a complex amplitude. Assuming an initial state ψ ∈ H 1
Here U sisi−1 (i, i − 1) is the amplitude to go from s i−1 at t = i − 1 to s i at t = i and ψ(s 1 ) =< e s1 , ψ >. The decoherence functional on the full event algebra A is then obtained using its bi-additivity property.
The restricted evolution from the initial state ψ ∈ H 1 with respect to a truncated history γ is defined to be
where the class operator
and P s is the projector that projects onto the basis state e s . Evolving ψ γ back to the initial time gives us the state
and it can be shown that the decoherence functional
For any α ∈ A and a partition into cylinder sets
and show that
In [9] it was shown that for a finite N dimensional system which evolves unitarily with discrete time steps there is, generically, an explicit, physically meaningful isomorphism f : H → H 1 between the histories Hilbert space H and the standard Hilbert space
with f 0 : V → H 0 given by
Here
The quantum vector pre-measure µ v : A → H is therefore mapped to a vector
Claim 3 The quantum vector measure for a generic (to be defined) finite unitary system with discrete time steps is not of bounded variation.
Proof: In what follows we will first assume that U is time independent so that U (k+1, k) = U for all k, where U is the single time-step evolution operator.
For a string of length m, γ = (
where U jk = e j , U e k and β j1 = e j1 , ψ , so that
A string γ ′ of length m + k will be said to be an extension of γ if the first m entries of γ ′ are the same, so that cyl(γ ′ ) ⊂ cyl(γ). The set of all n + k extensions {cyl(γ (i1i2...i k ) )} of γ thus provides a partition of cyl(γ) so that
Since U is unitary,
where ζ j ≥ 0 and η i ≥ 0. If ζ j = 0 then there exists an i such that |U ij | = 1 and
Hence the ith row and the jth column each have a single non-zero entry U ij which is pure phase.
We now define the genericity assumption for the time-independent case to be that U does not have such entries, i.e., ζ j > 0 for all j, and hence η i > 0 for all i. This excludes dynamics which consist of simple permutations of a number of the site. This assumption means that there is a smallest strictly positive ζ ≤ ζ j for all j. This allows us to iteratively bound the term in brackets in (35)
Hence for every k,
Since ζ > 0, |μ v | is not bounded. For time dependent U the argument is similar, except that the ζ are now time dependent. In particular, instead of extracting a time-independent factor (1 + ζ) in Eqn (38) at every step, it becomes time-dependent so that
where N i=1 |U ij (r, r − 1)| = 1 + ζ j (r) and ζ r is the lowest value of ζ j (r) as one varies over j. Again, assuming that ζ r > 0, the product Thus the quantum vector pre-measureμ v on A does not extend to a quantum vector measure on S A for generic finite dimensional unitary systems with discrete time steps.
Complex Percolation
In causal set theory, the histories space of continuum spacetime geometries is replaced by the collection of causal sets. A causal set C, as defined in [13] , is a locally finite partially ordered set, namely, a countable collection of elements, with an order relation ≺ which for all x, y, z ∈ C is (i) transitive (x ≺ y , y ≺ z ⇒ x ≺ z), (ii) irreflexive, (x ≺ x) and (iii) locally finite i.e. if P ast(x) ≡ {w ∈ C|w ≺ x} and F ut(x) ≡ {w ∈ C|w ≻ x} then the cardinality of the set P ast(x) ∩ F ut(y) is finite. We say that two elements are linked if they are related in the order but there is no element between them in the order.
A causal set is a model for discrete spacetime in which the elements of C represent spacetime events and the partial order represents the causal relationships between events. A generic causal set has no continuum spacetime approximation, however, and it is only via an appropriate choice of dynamics on the set of all possible causal sets that one expects a continuum spacetime to emerge.
The transitive percolation dynamics for causal sets is a classical stochastic dynamics and was studied in detail in [14, 15] , and is determined by a single coupling constant p ∈ [0, 1]. Here, a causal set is "grown" element by element starting with a single element. At stage n > 1 the nth element e n is born and, for each k = 1, 2 . . . n − 1 independently, e n is put to the future of e k with probability p or with probability 1 − p left unrelated to e k . The transitive closure is then taken and the stage n is complete. The resulting causal set grown in this way is "labelled" by the growth, with each element labelled by the stage at which it is born (see Fig 1) . Thus, the growth process is stochastic and produces a labelled causal set of infinite cardinality in the asymptotic limit n → ∞. Such a causal set is always past finite, i.e., the cardinality of the past set P ast(x) = {y|y ≺ x} is finite for all x ∈ C. Even though the causal sets produced are labelled, the resultant dynamics satisfies a discrete form of general covariance in that the probabilities of growing, by stage n, two labelled causal sets are the same if there is an order preserving isomorphism between them. In addition, the dynamics satisfies the "Bell causality" condition described in [14] . The labelling of a causal set produced via a growth is always order preserving namely, for any e, e ′ ∈ C n , e ≺ e ′ implies that l(e) < l(e ′ ), where l(e) is the label of the element e. Figure 1 show the first few stages of this growth process. Let C n c denote the n-chain or the totally ordered set of n elements and C n a the n-antichain or the set of n mutually unrelated elements. Starting with the first element e 1 the second element e 2 is added with probability p ∈ [0, 1] to the future of e 1 , to get the (uniquely) labelled 2-chain C 2 c or is left unrelated to e 1 with probability q to get the (uniquely) labelled 2-antichain C 2 a . Since for n = 2 these are the only possible 2 element labelled causal sets, p + q = 1 (see Fig 1) . Subsequently, the three 3-element causal sets are grown from C In the first transition from C 2 c in the figure (from the left), e 3 is added to the immediate future of e 2 with probability p, in the second, e 3 is added to the immediate future of e 1 but is unrelated to e 2 with probability p × q, and in the third, e 3 is unrelated to both e 1 and e 2 with probability q 2 . In the figure we see that the middle three 3-element labelled causal sets are different order preserving relabellings of the same unlabelled causal set.
The probability P (C n ) for an n-element labelled causal set C n is equal to the product of the transition probabilities. As can be verified from the examples in Fig 1, this probability is independent of the labelling: in general, the probability for a labelled causal set is given by p L q ( n 2 )−R where L is the number of links and R the number of relations [14] . The transition probability for going from an n-element causal set C n -a parent -to one of its children C n+1 is given by a product of p's and q's: if the new element is to the immediate future of (i.e. linked to) u elements in C n and unrelated to v elements, then the transition amplitude is p u q v . For a given parent C n therefore, one can assign an index set I(C n ) of all pairs (u, v), some of which may repeat. For example, when the parent is C Fig 1) . Note that the set I(C n ) can contain repeated entries. It is useful to point to two special types of transitions which will make their appearance in our analysis below. The first is the "timid transition" in which the new element is added to the future of all the elements in C n , so that the transition probability is p m where m is the number of maximal elements in C n . Thus, (u, v) = (m, 0). The second is the "gregarious transition" in which the new element is unrelated to all the existing elements in C n , so that the transition probability is q n and (u, v) = (0, n). Let Ω be the set of all infinite, past finite, labelled causal sets. If C n (k) refers to the kth labelled element in C n , the cylinder set associated with C n is
where c(k) is the kth element of c. The event algebra A is the set of all finite unions of these cylinder sets and it can be shown that every element of A is equal to a finite union of mutually disjoint cylinder sets. In particular cyl(C n ) is equal to the union of the (disjoint) cylinder sets of all the children of C n :
). However, unlike the finite unitary systems, the number of n + 1-element children {C n+1 i } depends on the parent C n . Complex percolation is a natural quantum generalisation of transitive percolation in which real probabilities are replaced by complex amplitudes. Thus, the real parameter p of transitive percolation is made complex and gives the transition amplitude for the newly born element to be put to the future of each existing element, while q is the transition amplitude for it to be unrelated (we will see later that p+q = 1). The decoherence functional for complex percolation has a simple product form
for cylinder sets, where A(C n ) is the amplitude for the transition from the empty set to the n-element causal set C n . Finite biadditivity of D and finite additivity of A are equivalent and A is a complex measure on A. The normalisation condition D(Ω, Ω) = 1 implies that |A(Ω)| = 1. We have for α, β ∈ A,
It is easy to demonstrate that for any such "product" decoherence functional the histories Hilbert space H ≃ C. Choose a vector v ∈ V , with v = 0. We show that for every u ∈ V there exists a λ ∈ C such that {u} ∼ λ{v}, where ∼ is the equivalence relation Eqn (5) and {u}, {v} are the constant Cauchy sequences for u and v respectively. Then
where
This factorisation is possible because of the product form Eqn (43). If we then choose λ = S 1 /S 2 (S 2 = 0) we have u − λv = 0. In particular, since for any α ∈ A and a finite partition π(α) = {α ρ } of α
Hence |µ v | = |A|, where |A| the total variation of A, and µ v is equal to A up to a phase. For the special case p real and p ∈ [0, 1], the transition amplitudes are the same as the transition probabilities of classical transitive percolation. However, this real quantum percolation model is distinct from transitive percolation since the quantum measure D(α, α) = |A(α)| 2 and is therefore nonadditive. However, the amplitude measure A is additive and non-negative, and the Carathéodory-Kolmogorov extension theorem implies that the quantum vector pre-measure extends to the full-sigma algebra. As we will presently see, this special case is the only one which does admit such an extension.
We first show that q must equal 1 − p . The normalisation condition on D means that |A(Ω)| = 1, so that A(Ω) = exp(iΦ) and we will choose this phase to be 1. If C 1 denotes the single element causal set then cyl(C 1 ) = Ω. We also have cyl( 
As shown above, the histories Hilbert space for a product decoherence functional is 1-dimensional. This means that the quantum vector measure is, up to an overall phase, just the amplitude A : A → C. We now show that. . . 
Lemma 1
The quantum vector measure of complex percolation is not of bounded variation when the parameter p is not real.
We begin by considering the set of all labelled n-element causets {C n i }, where i = 1, 2, . . . I(n) where I(n) is the number of n element labelled causal sets. For example, for n = 2, I(2) = 2 so that i = 1, 2 and for n = 3, I(3) = 7, so that i = 1, . . . , 7. Since A(Ω) =
, and |A(Ω)| = 1, the triangle inequality implies that
where for brevity of notation we have replaced cyl(C n ) with C n . The equality is satisfied only if all the A(C n i ) are collinear. We see that Claim 4 For any n ≥ 2, the equality in (46) is satisfied only when the parameter p is real.
Proof: Let p = |p| exp iθ , q = |q| exp iφ . First, for n = 2 the equality means that |p| + |q| = 1, which combined with p + q = 1 means that p is real and non-negative. For n > 2, consider the following two n element causal sets, (a) the n chain C n c and (b) C n v , an n − 2 chain topped with a "V ", i.e. with e n , e n−1 to the immediate future of the maximal element e n−2 of the n − 2 chain C n−2 c
, and unrelated to each other (see Fig 2) . The amplitudes for these causal sets are A(C n c ) = p n−1 , and A(C n v ) = p n−1 q. Requiring collinearity of these amplitudes is therefore equivalent to requiring that p is real and non-negative. 2
Thus, for p non-real
for all n ≥ 2. For n = 2 it is useful to express the inequality as
Claim 5 If |p| > 1 or |q| > 1, the quantum vector measure is not of bounded variation.
Proof: Consider any partition of Ω which contains cyl(C n c ). Since A(C n c ) = p n−1 , |A|(Ω) > |p| n−1 is a strict inequality for any n if q = 0. Similarly, consider any partition of Ω which contains cyl(C n a ). Since A(C n a ) = q n(n−1) , |A|(Ω) > |q| n(n−1) for any n, if p = 0. Thus, A is not of bounded variation if either |p| > 1 or |q| > 1.
2
Thus, we may restrict our attention to |p| < 1, |q| < 1. Consider an nelement causal set C n . Let {C n+1 j1 } be the set of its n + 1 element descendants and a(j 1 ) the associated transition amplitude. The index j 1 = 1, 2, . . . J 1 (C n ) where J 1 (C n ) are the number of descendants of C n . In turn, let C n+2 j1j2 denote the n + 2 element descendant of C n+1 j1
and a j1 (j 2 ) the associated transition amplitude, and so on. The index j 2 depends on j 1 since j 2 = 1, 2, . . . J 2 (C and so on. j 2 thus carries a hidden index j 1 , but we will not include it explicitly in the expressions below. The set Π ≡ {C 
Thus
where we have suppressed the dependencies of the j r 's. We now show that
for every i.
The final sum within the nested brackets of (51) 
for some appropriate index set W and coefficients c w . Since the above sum is always equal to 1, and is true for all q, this means that c w = 0. Thus,
where I ′′ is the index set which excludes both (u, v) = (m, 0) and (u, v) = (0, n + s − 1). The first two terms are of the same form as expression (55) and hence equal to 1 since it is independent of the choice of |q|. Since 0 ≤ |q| ≤ 1, each of the terms in the above expression is positive. It therefore suffices to focus on the terms linear in ζ. We see that this can be simplified to
For any n + s − 1 ≥ 1 the above expression is > 1 for |q| < 1. Thus, each nested sum js |a js−1 (j s )| ≥ (1 + ζ), for any j s−1 and hence from (51) we see that
Since s can be made arbitrarily large, this means the |A|(C n ) is not bounded. 2
Discussion
We have seen that for a class of finite dimensional systems the quantum vector pre-measure on A does not in fact admit extensions to the sigma algebra S A generated by A. We now discuss the implications of these results.
To start with, the lack of an extension does not by itself imply that no physical observables can be constructed. For the finite unitary systems all the events in A are measurable and hence are physical observables. The lack of an extension simply means that while finite time questions are observables, not all infinite time questions are.
For causal sets on the other hand, one is interested in covariant or label invariant observables. Since the growth process generates only labelled causal sets, the events in A are not themselves observables. One method of constructing covariant events [16] is to first generate the labelled sigma algebra S A and then take its quotient S ′ with respect to relabellings. S ′ is a sigma algebra over the space of unlabelled past-finite causal sets Ω ′ , and is collection of covariant events. For the classical stochastic growth models of [14] since the extension of the probability pre-measure to S A is guaranteed starting from a given probability pre-measure on A this procedure gives rise to a unique covariant probability measure space (Ω ′ , S ′ , µ ′ ), where µ ′ is a covariant measure. If a quantum vector pre-measure extends to a vector measure on S A , a similar procedure will give rise to a collection of covariant quantum observables.
When p is real, i.e., for real quantum percolation, the pre-measure does extend to S A , and hence covariant quantum observables can be constructed along the lines of [16] . In particular, from the product form of the decoherence functional (Eqn (43)) it is trivial to see that all the covariant observables of classical transitive percolation are also observables for real quantum percolation. In [16] it was shown that the covariantly defined and physically accessible stem sets generate a sub-sigma algebra S ′ S ⊂ S ′ . A stem c in a causal set C is a subcausal set of C which contains its own past 3 . The stem set, stem(c) ⊂ Ω ′ is then the set of (unlabelled) causal sets which contains a stem isomorphic to c. Since the sets of measure zero in transitive percolation are also sets of measure zero in real quantum percolation, the results of [16] imply that for p > 0, S ′ S generates S ′ upto sets of measure zero. Thus, at least in this simple example of quantum dynamics, one recovers a complete set of covariant quantum observables.
As we have seen, for complex percolation with p not real, µ v does not extend to S A , and hence the construction of covariant observables, if at all possible, requires a different approach. As discussed in Section 2 countable additivity of the measure requires an unconditional convergence of the right hand side of Eqn (3). It is this that implies bounded variation for finite dimensional vector measures. One option then is to require that the measure on S A satisfy only a conditional convergence, with the conditionality determined by a preferred ordering of events in A. The "nested" structure of the cylinder sets (Eqns (20)), (21) suggests a natural ordering on A in terms of cardinality. For example, for a countable disjoint union of cylinder sets, a conditional convergence can be easily defined with respect to such an ordering. However, in order for this prescription to work in general, it is important to ensure that such an ordering procedure is unique.
A simpler alternative is to use transitive percolation as a template for the quantum vector measure, by first calculating the probabilities for transitive percolation and then complexifying them. In other words, if P (α) is the probability for the event α ∈ S A for transitive percolation, then one defines A(α) to be an appropriately complexified version. As a concrete example, consider the event α o ∈ S A corresponding to the existence of an element which is to the past of all other elements 4 . The probability of such an event for transitive percolation is given by the Euler function
Since φ(q) is finite for all q ∈ C, |q| < 1, we can define D(α 0 , α 0 ) ≡ |φ(q)| 2 . Whether this gives rise to a genuine finitely bi-additive quantum measure on S A would depend on the detailed nature of the complexification procedure adopted.
If successful, such prescriptions, though seemingly ad-hoc, would be in keeping with the attitude one adopts in physics. Namely, the failure of a quantum measure to have a "mathematical extension" does not mean that it cannot have a "physical extension". This happens in physics all the time: even though one often comes across non-convergent expressions, we can make sense of them by applying a physically meaningful cutoff and using the limit as the cutoff is taken away to define the quantity. We can do the same thing here: define limits 3 A stem set is a discrete version of a past set for which S = J − (S), where J − (x) denotes the set of events in the causal past of x [17] . 4 A causal set with an element to the past of all other elements is referred to as "originary".
only in a physically meaningful way. Even if quantities are only conditionally convergent these "conditions" are physically determined. On the other hand, the failure of bounded variation could also have implications for physical predictions. In classical probability theory, we expect that a set of zero quantum measure is one which almost surely does not happen or is precluded. However, sets of zero quantum measure can contain sets of non-zero quantum measure [1, 5] . Without going into the details of an interpretational framework (see [18, 19] ) it is reasonable to assume that any set contained in a set of zero quantum measure is also precluded and hence almost surely will not happen.
We now show that bounded variation is sufficient to ensure that not all elements of A are contained in a set of measure zero for a large class of systems, and hence are not precluded.
Claim 6
For an event algebra A generated by cylinder sets constructed from finite length strings as in (19) and which satisfy (20) and (21) 5 , if µ v is of bounded variation, then not every α ∈ A can be contained in a set of measure zero.
Proof: Assume the contrary, i.e., that every α ∈ A, α ⊂ Ω is either of measure zero or contained in a set of measure zero. Let Γ(n) denote the set of length n strings. For anyγ ∈ Γ(n) defineΓ ≡ Γ(n)\γ and a disjoint union of cylinder sets αγ ≡ γ∈Γ cyl(γ) ∈ A. Then there exists a βγ ⊇ αγ which is of quantum measure zero, i.e., µ v (βγ) = D(βγ, βγ) = 0. This means that µ v (βγ) is a zero vector in H, so that µ v (Ω) = µ v (β 
Then,
for each n and is hence unbounded. 2
While this does not prove that bounded variation is a necessary condition, the following is an example which is not of bounded variation, and for which every set in A is contained in a set of measure zero and hence is precluded. In other words, the only event in A that does occur is Ω itself! This system belongs to the class of generic unitary systems studied in Section 3 and hence is not of bounded variation.
Claim 7 For a two state system whose dynamics is determined by the unitary operator
every element in A is contained in a set of measure zero, except for Ω.
Proof:
For a two dimensional system, s i ∈ {1, 2}. If e 1 , e 2 are the orthonormal basis vectors of H 1 , the trivial evolution of this basis (i.e., via the identity map) to time t = m gives the orthonormal basis vectors e 1 (m), e 2 (m) of H m . Wlog, let the initial state ψ = e 1 ∈ H 1 . For U given by Eqn (62) the restricted evolution ψ γ for any m-length truncated history γ = (s 1 , s 2 , . . . , s m ) is
where f ∈ {0, 1, . . . m − 1} denotes the number of "flips", i.e., transitions from 0 to 1 or 1 to 0 in γ. For example, if γ = (0, 1, 0), then f = 2. For this choice of initial state, ψ γ is identically zero on all histories with s 1 = 2, and moreover for f even, e sm = e 1 (m) while for f odd, e sm = e 2 (m). Thus, truncated histories with the same m, f values have the same ψ γ . If Γ(m) denotes the set of all m-length strings, then the unrestricted evolution ψ Ω from ψ is 
where, for m even j max = k max = 
Now, for every γ ∈ Γ(4q + 1) whose first entry is s 1 = 1 and which has precisely 2q flips, the last entry s 4q+1 = 1. Hence the strings with 2q flips contribute only to a 1 (4q + 1), each with an amplitude ( , it is therefore possible to pick a subset Γ 2 of Γ 1 so that
The complement of the set γ∈Γ2 cyl(γ) is therefore of measure zero. We now show that every cylinder set cyl(γ) withγ = (s 1 , s 2 , . . . , sm) contains an event α such that its complement is of zero measure. Since every event except Ω is in the complement of some cylinder set, it also belongs to the complement of α which suffices to prove our result.
Letf be the number of flips inγ. Any event which is a subset of cyl(γ) shares the firstm entries withγ and hence has at leastf flips. Choose a q such that 2q >f and let Γγ ⊂ cyl(γ) be the set of truncated histories of length 4q + 1 with precisely 2q flips. The cardinality of this set is 4q−m 2q−f and each truncated history in it contributes a factor of ( 
Thus, there exists a Γ 2 ⊂ Γγ ⊂ Γ 1 for which Eqn (68) is satisfied so that the complement of the event γ∈Γ2 is of measure zero. Thus, every event in the complement of cyl(γ) is contained in a set of measure zero. Since this is true for all cylinder sets, it means that every event in A is contained in a set of measure zero.
It is the purpose of this work to lay some of the groundwork for future investigations into physically realistic examples for which the histories Hilbert space is infinite dimensional. These include the Schrodinger particle and the quantum random walk [4, 9] . The existence of an extension of the quantum vector pre-measure in this infinite dimensional case requires a weaker condition than bounded variation, but there are indications that even this is not satisfied for the Schrodinger particle [20] . This may suggest that time of passage questions, notoriously difficult to pose in the standard approach to quantum theory, are not observables even within the quantum measure approach.
